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Abstract—The effective frequency-temperature curve of a crystal assuming no loss and a single driven mode, is A
resonator operated with series load capacitance differs from that of the i
crystal alone. Since the principal method of compensating for the Y = jwCo/(1 - k* tan X/X) )
crystal frequency-temperature behavior in a temperature compensated
crystal oscillator (TCXO) employs series varactors and a temperature- In (1),
sensitive compensation network, it is of major importance to be able
to understand and deal with this effect in the design of TCXO0's. The Co =€Al2h )
necessary formulas and discussion are given in this paper.
where C, is the vibrator static capacitance, € is the effective
permittivity, A is the electrode area, and 2h is the thickness.
INTRODUCTION ' The quantity k is the piezoelectric coupling factor, while X is
HE TEMPERATURE compensated crystal oscillator defined as
(TCXO) is a modern, cost-effective device capable of real- a |
izing frequency stabilities of a few parts in 10® over a wide X=(n2)(fIf Ag) 3) ‘
temperature range in a small size (1] -[§] R inco_rporates a with f the frequency variable (= w/2r), and fﬁ lo) the anti-
::;‘.p;;ztfh:?ﬁ?;s:;dz:szzz:?:s::;cxz&ﬁgﬁc; c;::rec- resonance frequency at the fundamental harmonic (M = 1),
; in the absence of mass-loading.
thermal behavior of the crystal vibrator. The method most The antiresonance frequencies are sometimes referred to as
used for producing the correction consists in adjusting a the mechanical resonances, these being the frequencies for
varactor in series with the vibrator. o which an open-ircuited resonator is an integer number of half-
For the design of the compensation network itis necessary  yavelengths in thickness. If the crystal vibrator plate is of
to know with some accuracy the frequency-temperature density p, and the mode under consideration has elastic con-
g Jnﬁiﬁ:t:::tﬁ;yoixe:gsg;tot:: :;’;?::}tedi ::n:je stant ¢ (piezoelectrically stiffened), then the antiresonance
’ ’ - frequencies are
shape of the crystal-load capacitor series combination alters a o — 2
with the type and value of load capacitor used. This has ne- fao =M(c/p)'"* |4h. O]
ce-ss;fated emh;;mcalhrules _t° accon‘t(ml;da;e Fhe effect of the The harmonics of (4) are integrally related in the absence of
f n t;;lsnpz;er;:n: fa—ng“"cl:::e::;nage ;s eis;i‘j:ed anlytically mass-loading (negligible electrode coatings); each harmonic
dst ol t tion in (1).
and shown to arise primarily from two factors: location of co;i:mnthe :e:gm:n::ot:\zfﬁir:ugllzz lz.(:rlc:[;'i(elzis the
°p;'aﬁt’i'3 (load) fr:_quency with 'Zs‘t’ec‘ to ctrystal re::qantt:e normalized resonance frequencies as roots of the equation [9]
and antiresonance frequencies, and temperature coefficien
difference between the load and crystal capacitances. Within tan X = X/k2. (5)
the smde»@ode, one-dimensional ap proximation, we give The roots of (5), denoted X' %’, are not harmonically related;
exact and simple but accurate approximate equations that en- th ) . M)
. . ] e resonance frequencies are then obtained from the X Sgo by
able the f - T behavior of the crystal-capacitor composite to means of (3)
be determined in a quantitative manner. Mass-loading effects T . . L .
. - . . Insertion of a load capacitor Cy, in series with the vibrator
are included. Sample design charts are provided, with a ifi h - .
worked example. modifies (1), but the entire effect may be subsumed into
changes in the values of Co and k. Denoting the effective
FREQUENCY EQUATIONS val::isvolf Com a::el;:‘ni.n t}:;epres::tci: o‘t; Cy as Cor and k}, re-
spectively, ining the quantity a as
Virtually all current TCXO applications employ thickness
mode quartz vibrators. For this class of vibrator, excitedbyan @@= Co/(Co +C) ©)
electric field in the thickness direction, the input admittance, the effective values become
Manuscript received October 16, 1977. CoL=GCo (1 - a) M
The authot is with the U.S. Army Electronics Technology and Devices 2
Laboratory (ERADCOM), Fort Monmouth, NJ 07703. ki =k*(1-a). 8)
0018-9537/78/0700-0185500.75 © 1978 1IEEE %/ O b7 ¢
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TABLE 1
PHYSICAL AND ELECTRICAL PARAMETERS ASSOCIATED WITH AT-Cut
QUARTZ RESONATORS

TABLE 1i
THERMAL PARAMETERS ASSOCIATED WITH AT-CuT QUARTZ REsonATORS

Quantity Unit Yalve
Quantity Unit Value
. 10°6/x °
3 10*3 kg/w? 2.649 % 1092 -0.45
3 pF/m 39.82 < 10-12/x3 108.6
€ 10*9 pa 29.24 /28 10-6/K,% -5.08
n 1074 pa e s 3.46 720 10-9/x2,% 'y
N LS 1.661 x/9% 10712/x3,% .20.
[¥] ' 8.80 et | 1079, (002 0.9
AN fs n.s 2/ 10-6/x % 0
v 159.4 /3¢ 1079720 0
T, fF/m 9.8 ac/ae 10°12/¢3,0¢ [}
’, 107 0-a 4.2 il | 109,00 -18.0
v 0.6 - 0.9 W/ 10°6/K, (10) -0.24
i oc 26.4
DVEY /% “.9
Using k} in (5) yields the normalized load frequencies X’ %ﬂ T /i) -5.48
and f %) in place of the corresponding resonance quantities. Teo 10-6/K 29.7
In the limit & = 1 (C,, —*0), the load frequencies approach T, 10°6/x 2.3
the antiresonance frequencies, while the limit a =0 (Cp, ~ =) T, 1075/x -0.245
reduces the frequencies to the resonances. 1, 10-67% 176.
The inclusion of loss is easily dealt with; if the loss is con-

sidered to arise from a material viscosity n, then substitution
of

X=X(1 - juni2¢) ©)

for X in the foregoing describes the loss accurately. Table 1
gives a hst of pertinent material constants for the AT-cut of
quartz.

MAss-LOADING FREQUENCY EFFECTS

In normal practice the electrode coatings depress the fre-
quency spectrum nonnegligibly. For coatings of mass m per
unit area lumped on each surface, the reduced mass-loading
variable is

Equation (12) is unaffected, while k2 in (13) is replaced by
k} from (8) to yield the load frequencies.

FREQUENCY -TEMPERATURE BEHAVIOR

Resonators for TCXO application are required to have pre-
cisely known frequency-temperature characteristics so that
the compensatory network can be properly designed. Bech-
mann [10} found that AT-cut resonators could be described
adequately, even over a wide temperature range, by a three-
term power series. If the frequency of interest is f, at tem-
perature Ty (= 25°C), then with AT=T- T,

(f- fo)lfo = Afffo = a0 AT + boAT? + coAT? (14)

u=mph. (10 gives the frequency at temperature T. Table 11 gives values for
With the inclusion of p, (1) is replaced by the quantities aq, bo, and co and their angle gradients for the
Q2 tan X AT-<ut. The coefficients aq, o, and cq vary with orientation
Y = jwCo / [ 1~ ( ) . ] (11) angle, mass-loading, and value of series load capacitor with the
1-pXtan X X zero subscripts denoting the values at zero u and a, and at

The zeros of (11) lead to the equation determining the
antiresonances:

pXtan X=1. (12)

The roots X ,(4‘:) of (12) are no longer harmonically related.
From the X %) the frequencies of f %’ are determined
using (3).

The poles of (11)lead to the equation determining the
resonance frequencies:

tan X = X/(k? + pX?). (13)

The roots of (13) Xg:? determine the f},",? from (3).
With C;, added in series to the mass-loaded vibrator, the
quantities X Sj},” and f %) are defined in an obvious way.

reference angles @, 6. The coefficient a is synonymous with
T,r appearing in the sequel.

Angular Dependence

The variation with angle is aiso treated by means of power
series expansions, normally using only the constant and linear
terms (11}

4 =qo *+(3q/00) - A6 +(3q/2®) - A® 13)

where gisa, b, orc,and A9 =0 - 8o, A®=® - &,. For the
AT-cut, 3q/3® = 0 due to crystal symmetry considerations, so
the expansion in this case has to be carried out to second
order {12):

“ A L4

4 =qo +(3q/20) - A0 + } (2%q/39%) - . (16)
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The normalized frequency excursion 5f between the maxi-
mum and minimum of the curve of Af/fp plotted against tem-
perature is very important because §f enters directly into most
TCXO design procedures. From the data in Table I and the
relation

5f =4(h? - 3ac)?/27c? (17)

the frequency excursion may be determined as a function of
A® and A8. If 8T is defined as the temperature interval corre-
sponding to &f, then §T and §f are found to be related by the
simple relation

8f=(c/2)- (6T (18)

where ¢ is a weak function of orientation about the AT<ut
angle. Equation (17) may be approximated for the AT<ut, in
its explicit dependence upon A8, by

8/~=1.85X% 107* - (A9)¥3. (19)
The corresponding relation for 8T is
8T ~32.5 - (a9)'" (20)

where A8 2 0 is in minutes of arc.

Harmonic Effect

Changing the harmonic of operation is similar, as far as the
resonance frequency-temperature behavior is concerned, to a
change in apparent orientation angle, except that the harmonic
effect is quantized.

The relation for the difference between the first-order tem-
perature coefficients of the resonances and Antiresonances was
derived by Onoe [13], starting from (5); Bechmann {14] had
earlier obtained an approximate relation. Equations for the
higher-order differences were obtained recently [15]. For the
first order we have

Tx = TiRo- Tido =G T n
where
GM = + 2 (XL + K3 (k? - 1)) (22

and where T, is the first-order temperature coefficient of
piezoelectric coupling. The harmonic effect arises from the
root )(%) appearing in (22). Itis seen, from (21) and (22),
that for M >> 1. G§™ » 0, and Tygo — T4

Load Capaciror Effect

Series load capacitor insertion is described in regard to its
effect on k by (8), with respect to its influence on temperature
behavior, (21) may be used with k} from (22), along with the
relation between 7, and 7). This relation is found to be

Tyy = 2Tx +a(Tp - Teo) (23)

30 that the temperature behavior of C; now comes into play,
along with that of Co. Values for Teyg, Ty, and Ty are given

n Table Il for the ATcut. With a and k known, (22) can be
used to find Gsm as a function of k.

The load capacitor effect on frequency-temperature be-
havior 13 shown in Fig. | forthe AT<ut and a representative
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Fig. 1. Frequency-temperature characteristics of an AT-cut quar{z vi-
brator with and without a series load capacitor. The presence of the
capacitor reduces the peak-to-peak frequency deviation and makes the
vibrator appear as if it had a reduced angle of cut.

value of a; we will return to this figure in connection with the
numerical example presented later.
Mass-Loading Effect

Addition of mass-loading results in an expanded form of

(21):
Tx = Tfkn - Tfiu = - (k% - Ty +n(XED? - T,iD

(24)
where
D™ = (XED u + XRDPQuk? +us 1)+ kK - 1),
(25)
T, is the temperature coefficient of the normalized mass-
loading,
T,=-T,-T, (26)

T, is the temperature coefficient of density and T, 1s the
temperature coefficient of expansion in the thickness direction.
The quantity multiplying T, in (24) is the Onoe function:

(M) _ (M)
G, =+ D™

By means of (24) and the numerical value for da/38 pro-
vided in Table I1, one may convert changes in “a™ due to
changes in p and/or M into apparent angle changes [:6].

Inclusion of the C; effect for the mass-loading case is made
by writing (24) twice: once for k = ky, 4 = u,, and har-
monic = N, and then for k;, u;. and M, and subtracting. The
result, with obvious abbreviation., is

TiR, - Thry, = |- 2K Tay/D$ + 2kt 7 /DM
+ (- (i xzkul/Di)("’

+ (s Xyt /DM - T, (28)




One now uses (8) and (23) to relate &, and k3, Ty and Ty,
Equation (28) then incorporates the full effects of changes of
a, i1, and harmonic on the first-order resonance-frequency/
temperature coefficient.

EQUIVALENT CIRCUIT CONSIDERATIONS
The equivalent circuit of Fig. 2 is usually used to represent a
crystal resonator in the vicinity of a harmonic. C, is given by
(2), while the remaining elements are [17] :

™ = 8Cok? M M? (29)

R =1, /c{™ = m*M*n/8Cok*E (30)
and

Ly = nM?*/32Cok*(f ¥, @31)

The quantity 7, is the motional time constant [17], [18]. It
is defined as

T, =nfc 32)

where 7 is the acoustic viscosity, and € is the piezoelectrically
stiffened elastic constant. It is convenient to define two
quantities that contain no geometrical factors, but which are
functions of material only. These are the motional capacitance
and motional resistance constants [19] :

™ =™ - 2h/4 = ¢/rM? (33)

PM =RM . 4128 =17, TM. (34)
In (33), r is the capacitance ratio

r® = Co/cM = L - (M) 2k)2. (35)

Table I lists values for €,%,n,7,,7, Ty, Py, and N = (¢ /p)/?/2;
quantities appearing without a superscript (M) are for M= 1.
The dimensionless number ¥ appearing in Table ! is a form
factor that takes into account the nonuniform distribution of
motion with lateral distance along the plate [20]. The effec-
tive vatue of C{™ is just ¥ times the value obtained from
(29); whereas RfM) is divided by ¥ to get the effective mo-
tional resistance. The static capacitance Cy is not affected by
the motional distribution.

Introduction of a series load capacitor alters Co according
to (7); it also changes the other circuit parameters:

P =c"-ay (36)
R = RM(1 - ay? 37)
Ly =L/ -a) (38)
M = /My gy, (39)

From the definitions (29)-(35), the temperature coefficients
of the circuit parameters may be obtained in terms of those of
the material coefficients [21]. At present the quantity T, is
very imperfectly known.

While the lumped parameter circuit of Fig. 2 has been used
to characterize the resonator, it is instructive to note that the
exact network realization of (11)1s that shown in Fig. 3 [22].
In this figure the crystal is represented by a bisected trans-
mission line of electrical length xh and characteristic im-
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C. -~ L|

Fig. 2. Butterworth-Van Dyke equivalent circuit of a vibrating crystal.
The circuit is an adequate representation in the vicinity of any single
resonance.

ol 'P}"E
T | 272, =K

Fig. 5. Broad-band transmission line equivalent circuit of a vibrating
crystal. This circuit holds for all resonances belonging to the single
mode characterized. The lumped inductor represents the effect of
mass loading.

pedance Z/2, where

kh=X, (f in the lossy case) (40)
and

Z[2=ApN. 41)
Electrode mass-loading produces an inductor of value

L/2=Apph/2. 42)
The piezoelectric transformer turns ratio n is given by

n=(QGCoZk*f 43\, @3)

Fig. 2 is recovered from Fig. 3 by a partial-fractions expan-
sion of the tangent function represented by the transmission
line, the realization of the expansion terms as lumped shunt
branches, and the retention of the single branch appiopriate
to the harmonic of interest. The presence of the ~C, element
in Fig. 3 renders (36) and (39) exact, whereas by starting from
Fig. 2 they would be approximate.

FREQUENCY -TEMPERATURE-LOAD CAPACITANCE
APPROXIMATIONS

Dependence of Gf,m on u is very weak until u exceeds sev-
eral percent; accordingly, it is usually acceptable to let

G,(,m =G™. The zeroth approximation to G M s

GS™ =~ +2k%/(xM[2)? = 1)/ (44)
the first approximation is

G = v2k3([(M)2)? - K?). (43)

The presence of u only enters the second approximation:

Mo+ 2k’/{(1rM/2)’ [l -u- (%)T +k3(k? - 1) }

(46)
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By making approximations of the sort found in (44)-(46),
(28) may be reduced to various simpler forms. When a=0
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Consider an AT-cut crystal resonator with the following
characteristics:

and g = 0, one has * fr =20MHz, M= 1
¥ - TS = (T/2n) - (UM* - 1IN?) @7 * Co=30pF
TiRS - Tie = (7,/27) e €, =125(F
where e Ry =48

s p=17percent
e A8=44 minutes of arc.

lf‘;} #pz, M# N, then with the addition of Cy, the exact From Table 11, this Af value corresponds approximately to
result is
00 - on ™ Sfr=18X10"% &§T=694°C
fRuz - T}L“ 1= 28T, [(1 - @)/D3 - l/l()b;) ] stemming from the temperature coefficients
k2 - -
k 0(12 a)(Tcy - Teo)/Di a=-0386 X 10-9/K
- [XR/D - uxR/IDN™] - T,,. b= +0.038 X 10-%/K?
49) ¢ =+108.0 X 10713/K3,

Fig. 1 presents the behavior of the resonance frequency fp

The most important practical case is that where i =1 =1, yjth temperature. Operation with series load capacitor
N =M. Then, for the shift in first-order temperature coeffi-

T, =-2T%. (48)

cient between resonance and load frequencies we have, e C =20pF
approximately, at the frequency at which the combination exhibits zero re-
a actance produces, as function of temperature, the curve
(Tpru - Trrp) =+ Py {Q+2p) [T, +(1-a) marked f; in Fig. 1, assuming (T¢y - Teg) vanishes. The f;
curve is characterized by
“(Ter - Teo)) +2u° Ty} 50 = Col(Co +C1)=0.130
For small p this further reduces to and capacitance ratio

r=Co/Cy = 240.

Ratios a and 7 are inserted into (51) to yield the new first-
order coefficient.

(Tyo - Tno) =37 * 1+ (1- @) (e~ Teoll. (51

Use OF AT-CUT QUARTZ RESONATORS FOR
TCXO APPLICATIONS a=-0.332X 107%/K.

By use of (13), (8), and the definition (3), simple approxi- Coefficients b and ¢ remain unchanged to good approximation,
mate relations may be found for the frequency shift between  but with the a coefficient change the curve is made to appear
the load and resonance frequencies. Provided Mu << 1, the with shifted angle difference
result is very insensitive to u. We omit unnecessary subscripts
in the following. The frequency shift is

(PP - 7870 = Afif = (2k/aMY? - @ = a/2rM?).
(52)

A6 == 4 minutes of arc

and hence ;
8fy ~15X 10", §T=~654°C. E

According to (37) the resistance of the combination is now

For TCXO application, the fundamental (M = 1) is used to
‘: provide the greatest range for Af (maximum “pullability”). Riy=Ry/(1-a) =534 1
t Since the quantity 1/(2r) greatly exceeds 8f for TCXO’s, it is Schodowski 23] has found the coefficient a to shift by an

apparent that only small variation in Cy, about its operating amount comparable to that calculated above. A definitive
point is ordinarily sufficient to bring about the necessary comparison is not possible in this case becau;e several experi-
mqmn.cy compensation. , . mental data, particularly Ty , are unavailable.
Two important questions now arise: one concerns the shift If (17) is used, with a taken to depend upon & according to
| in frequency-temperature behavior of the resonator in going (50), then 8fy, n’uy be plotted against a for assumed values of
from the condition of fg to f; ; the other concerns the smalles (T, s Teo)and 1. The resulting graphs are shown in Fig. 4
shifts in the frequency-temperature characteristic attendant on f of:alu esc:ertinent‘ to the example described above. In l%di-

the variations of Cy about its initial setting point. The further tion to the C;, value quoted (20 pF), two further values are
effects of u are also open to question. These points will now indicated on It‘he ﬁgu:le' ’
be taken up and considered from the standpoint of a practical '

example. o Cp=22pF, a=0.120
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AT-cut ‘j

(Te, " Teg) N 1078 /x

o 003 010 0.8 020 o2s

Fig. 4. vak-to-peak frequency deviation plotted against load capaci-
tance parameter «. The values shown are pertinent to the example
given in the text.

and
o C, =18pF, a=0.143.

Graphs are plotted in Fig. 4 for the following values of

(T¢L - Teo): -50,-10, + 60, and +100 (all X 107%/K), with
and without the presence of 2 percent mass-loading. Inasmuch
as the nominal value of T for AT-cut quartz is

Teo = +30 X 1079/K

(see Table II), the assumed values of Ty are £20, + 90, and
+130 (all X 107¢/K).

These nambers correspond, respectively, to the nominal
temperature coefficient values for ceramic capacitors, for
porcelain microcircuit capacitors, and for certain oscillator-
varactor composites. Table 111 provides the §f; values for the
intersections of the threc a values with the four (T - Teo)
graphs, in the absence of u. From Fig. 4 and Table 111, the
relative sizes of the influences on §f; may be discerned.

Using the exact relation (49), the plots of Fig. 4 are ex-
tended in Figs. 5 and 6 to encompass the full range of a.
These are for AT-cut crystals operating on the fundamental
harmonic with capacitance ratio

r=240

angle shifts
A8 =1 (10) 10 minutes of arc

and capacitance temperature coefficient differences
(Tew - Too) = -100 (50) 100 X 107%/K.

Because the graphs for each value of A8 conflue at @ =0 and
a= 1, irrespective of (T - Teg). the resulting design charts
are denoted as “petal plots.” By the use of this type of chart,
the shift of §f with @ may be determined and taken into ac-
count in TCXO applications. Additional considerations may
be found in [24].

TABLE 11
Peak-10-Peak FreQuency Deviations 8£(10)

o ® Cy/lCy ¢ ()
To-Teo
(10°6/x)

0.120 0.130

-50

Fig. 5. Petal plots of peak-to-peak frequency deviation plotted against
load capacitance parameter a for odd values of crystal angle A6.

o o2 oe os os w
a

Fig. 6. Petal plots of peak-to-peak frequency deviation plotted against
load capacitance parameter a for even values of crystal angle ae.
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CONCLUSIONS

Resonators for TCXO application are required to have ac-
curately characterized frequency-temperature (f- T) curves
and equivalent network parameters. This paper describes how
the circuit parameters, critical resonator frequencies, and tem-
perature coefficients depend on material constants of the
crystal and geometrical factors. [t further explains the ob-
served f - T curve shift between resonator operation with and
without series load capacitors. Simple relations are given for
treating this effect. A practical example involving an AT-cut
resonator for a typical TCXO application is also given.
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